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Ground state solutions for non-autonomous 
fractional Choquard equations 

Yan-Hong Chen and Chungen Liu 

Abstract. We consider the following nonlinear fractional Choquard equation, 

U-Ayu + u = {l + a{x)){Ia*{\u\P))\u\P-'^u inR^, 

]u{x) —>-0 as |a:| —>• oo, 

here s G (0,1), a G (0, Y), p G [2, oo) and ^ < 1^- Assume lim|a,|^oo a{x) = 0 

and satisfying suitable assumptions but not requiring any symmetry property on a(x), 
we prove the existence of ground state solutions for (0.1). 


1. Introduction 


The nonlinear Choquard or Choquard-Pekar equations are of form 

j—Au + u = (la * juy)juy~^u in 
I u(x) —)■ 0 as |a:| —oo. 


Here a G (0, N), p e (1, oo), la : —)■ M is the Riesz potential dehned by 

•p/ N—a \ 

I ix) = _ ^ 2 ) _ /I 2) 

^ r(f)7r^/22“|x|^-“’ ^ ^ ^ 

and r is the Gamma function, see [20]. It is well known that if u solves (1.1) when a = 2, 
N >3, then (u,v) = (u,Ia * |m|^) satishes the system 

—Au + u = v\uy~'^u in 

—Av = \uy in 

u(x) ^0 as |x| —oo, 

^v(x) ^0 as |a:| oo. 


Key words and phrases. Stationary Chaquard equation, Stationary nonlinear Schrodinger-Newton 
equation. Stationary Hartree equation, Riesz Potential, Concentration Compactness, Fractional 
Laplacian. 
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(1.1) has several physical origins. In the case N = 3, p = 2 and a = 2, the problem 

i-Au + u = {l 2 *\u\‘^)u in 
1 M(a;) —)■ 0 as |a;| —)■ cxo 

appeared in [19] by Pekar when he described the quantum mechanics of a polaron. In the 
approximation to Hartree-Fock theory of one component plasma, Choquard used (1.3) to 
describe an electron trapped in its own hole, see [10]. In [14], Penrose proposed (1.3) as 
a model of self-gravitating matter in which quantum state reduction was understood as 
a gravitational phenomenon. Equations of type (1.1) are usually called the Schrodinger- 
Newton equation. If u solves (1.1), then the function -0 dehned by 'il^{t,x) = e^^u{x) is a 
solitary wave solution of the focusing time-dependent Hartree equation 

iipt = —Alp — {la * in R+ x R^. 


So (1.1) is also known as the stationary nonlinear Hartree equation. 

In [10], Lieb proved that the ground state of (1.3) is radial and unique up to trans¬ 
lations; later, in [12], Lions proved the existence of inhnitely many radially symmetric 
solutions to (1.3); in [21], Wei and Winter showed the nondegeneracy of the ground state 
and studied the multi-bump solutions for (1.3); in [13], Ma and Zhao proved, under some 
assumptions on iV, a and p, that every positive solution of (1.1) is radially symmetric 
and monotone decreasing about some point by the method moving planes in an integral 
form developed in [5]; in [6], Cingolani, Clapp and Secchi proved some existence and 
multiplicity results, and established the regularity and some decay asymptotics at inhnity 
of the ground states for (1.1) in the electromagnetic case. In [17], Moroz and Schaftingen 
considered problem (1.1), they eliminated the restriction of [13], proved the regularity, 
positivity and radial symmetry of the ground states for optimal range of parameters, the 
decay asymptotics at inhnity of the ground states were also derived. In [18], Moroz and 
Schaftingen showed that for some values of the parameters, (1.1) does not have nontrivial 
nonnegative super solutions in exterior domains. In [15], Moroz and Schaftingen proved 
the existence of ground state solutions to the nonlinear Choquard equation 

i-Au + u = {Ia*F{u))F'{u) inR^, 

1m(x) —)■ 0 as |a:| ^ oo 

under general conditions on the nonlinearity F{u) in the spirit of Berestycki and Lions in 
[3]. In [7], Clapp and Salazar considered the following equation in exterior domains, 

— Au + W{x)u = {la * \u\^)\u\^~'^u U^Hq{^1). (1.5) 


They established the existence of a positive solution and multiple sign changing solutions 
for (1.5). Recently, Moroz and Schaftingen studied the following equation 

—e^Au + V{x)u = e~°{Ia * |m|^) \u\^~‘^u in R” 

and proved the existence of semi-classical solutions, see [16]. In [2], d’Aenia, Siciliano and 
Squassina obtained regularity, existence, nonexistence, symmetry and decay properties of 
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solutions for the fractional Choquard equation 


(—A)®n + LOU = {la * |n| 


\u 


IP-2, 


u 


in 


\>N 


In this paper, we study the following non-autonomous nonlinear fractional Choquard 
equation 

(—A)^m + m = (1 + a{x)){Ia * \u\^)\u\^~‘^u in 
u{x) —0 as |x| —)■ oo. 

Here we assume that s E (0,1), a E (0,iV), p E [2, oo), ^ i ^ n 
scalar function and satishes the following conditions: 


( 1 . 6 ) 


N-2s ^ 1 ^ _ 

N+a p A-t-o’ 


a = aix IS a 


(al) a(x) E lim|^|^+ooa(a;) = 0; 

(a2) a(x) > 0, a(x) > 0 on a positive measure set and a(x) E 
Our main theorem is 


Theorem 1.1. Assumes E (0,1), a E {0,N), p E [2,oo). If 


< - < 


t,N\ 


N 


a(x} 


satisfies conditions (al) and (a2), then problem (1-6) has at least one positive ground state 
solution. 

Remark 1.2. If s = 1, Theorem 1.1 was proved by P. L. Lions, see [12]. In [23], the 
authors gave an extension of Lions’s result by a Min-Max method argument (also in the 
case s = 1). 


2Np 
I, N + a 


(1.6) has a variational structure: critical points of the functional Ea,p E C^(LP^(M^) O 


aN\ 


dehned by 


'■'a,p{u) — 2 


—lS.)‘^u\+\u\dx -/ {1 + a{x)){Ia*\uV’)\ufdx 

2p Jrn 


are weak solutions of (1.6). This functional is well dehned by the Hardy-Littlewood- 
Sobolev inequality which states that if t E (1, —), then for every v E L*(M^), la* v E 


LN-at I 


pN\ 


and 


\Ia * v\ < C 


\vfdx 


where C > 0 depends only on a, N and t. Note also that by the Sobolev embedding, 
^ lS (K») if and only if ^ < 1 < 

To prove Theorem 1.1, we use the idea of [4] which studied the positive solutions for 
some non-autonomous Schrodinger-Poisson systems. Similar ideas were also used in [1]. 
The rest of this paper is organized as follows. In Section 2, we study some properties of 
Ea^p under a natural constraint, the Nehari manifold. In Section 3, a crucial compactness 
theorem by the concentration compactness argument will be given. In Section 4, we prove 
Theorem 1.1. 
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2. Preliminaries and Variational setting 

For s G (0,1) and N >2, the fractional Sobolev space can be defined by 


G L\R^) : 
which is endowed with the norm 

||m||s := I / \u\‘^dx + / 

VJRJV Jrn 

The Gagliardo semi-norm of u is dehned by 


\u{x) - u{y)\ 
\x — |/|^/ 2 +s 


G LHR^ X R^] 


Hx)-n(y)\ \ 






\x-y\ 


N+2s 


Let S be the Schwartz space of rapidly decaying smooth functions on R^ and the topology 
of S is generated by 

Pmi^) = sup (1 + kl)”" m = 0,1,2, • • •, 

|7|<m 


where G 5. Denote the topological dual of S by S', then for any (p G iS, the usual 
Fourier transformation of (p is given by 

= (9,r)N/2 f 

and one can extend from S to S'. Furthermore, it holds that 

M. = c( f ' = C'||(-A)tn|U.(«.) 

for a suitable positive constant C = G(iV, 7 ). Hence we have 

llnlls = ( f \u\‘^dx+ [ |(—. 

J^N J 


From the fractional Sobolev embedding theorem, H^{R^) embeds continuously into 
L‘^(R^) for all q G [2, and compactly into for all q G [2, see [ 8 ]. 

The functional Ea,p is bounded neither from below nor from above. So it is not 
convenient to consider Ea,p restricted to a natural constraint, the Nehari manifold, that 
contains the critical points of E^^p and on which E^^p turns out to be bounded from below. 
Define 


Af := {ti e \ {0} : G(ti) = 0}, 


( 2 . 1 ) 
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Note that 

= (i - ^)ll«e. (2.3) 

Lemma 2.1. {!) M is a regular manifold which is diffeomorphic to the stan¬ 

dard sphere of 

(2) Ea^p is bounded from below by a positive constant on Af; 

(3) u is a nonzero free critical point of E^^p if and only if u is a critical point of E^^p 
constrained on Af. 

Proof. (1) Let u E \ {0} with \\u\\s = 1. Then there exists an unique 

t E \ {0} such that tu E Af. Indeed, such t must satisfy 

0 = E'{tu)[tu] = / (1 + * \u\^)\u\^dx. 

Jm.n 

Define 

A-.= f {1a{x)){Ia * \u\^)\u\^dx, 

JrN 

then we are led to hnd a positive solution of equation t^(l — At^^~‘^) = 0 with A > 0 . 
Since p > 1, the equation 1 — At‘^P~‘^ = 0 has an unique solution t = t{u) > 0. The 
corresponding point t{u)u G Af, which is called the projection of u on Af. Moreover, 

Ea,p{t{u)u) = nna.^ Ea^pitu). 

Suppose u E Af, then 


(1 + a{x)){Ia * \uf’)\uf’dx 


and then 


< C 


{la * \uf’)\uf’dx 


< C'llwfP 


0 = IImI 


(1 + a{x)){Ia * \uf’)\uf’dx 


> \Ml-C\\u 


\2p 

Is * 


From which we have 


\u\ 


> Cl > 0 u EAf. 


Since Ea^p a C^ functional and 


E'f^p[v,w] = {v,w)-{p-l) / {1 + a{x)){Ia* \u\P)\u\P ^vwdx 


-p 


\u\P ^uw 


k - y\ 


N-a 


dy{l-\-a{x))\u\^ ^vdx, 
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G is a functional and 


G\u)[u\ = 


= M 


— (2p—1) / {1 + a{x)){Ia * \u\^)\u\^dx 


= {2-2p)\\u\\l<i2-2p)C <0. 

(2) From the above argument, we have 

= (I - ^)\\uf. > c > 0. 

(3) Clearly, if n 7 ^ 0 is a critical point of then E'^p{u) = 0 and u G Af. On the 
other hand, let n be a critical point of Ea^p constrained on J\f, then there exists A G M 
such that E'^p{u) = \G'{u). Therefore, 

0 = G(m) = E’^p{u)[u] = XG'{u)[u\. 

Since G'{u)[u] < 0, A = 0 and E'^p{u) = 0. □ 

Setting 

m := m.i{Eap{u) : u G AA}, 

as a consequence of Lemma 2.1, m is a positive number. 

When a{x) = 0, equation (1.6) becomes 


(—A)®m + m = (Jq, * |m| 


\u 


IP-2, 


u 


111 


dA 


(2.4) 


In this case, we use the notation E^p{u) and Woo, respectively, for the functional and the 
natural constraint. Namely, 


T^OO 


(“) = 2 


—^)‘^u\ +\u\ dx — — / (Jq, * 

2P JRJV 

- [ {la * \u\^)\u\^dx = 0}. 


Woo:= {n G \ {0} : llnll^- 

jm.^ 

In the following lemma, we state some known results about the existence of positive 
solutions of (2.4) which are useful in the following proof. 


Lemma 2.2. (\2]) Let N g N"*", s G (0,1), a G (0,iV) and p G (l,oo). Assume that 
then equation (2.4) has a positive, ground state solution w G 
which is radially symmetric about the origin and decaying to zero as |x| +oo. 


Since w is the ground state solution, setting 

mao ■= inf{E“p(n) : u G AW}, 

we have E^p{v) > E^p{w), for all v solution of (2.4). Note also that 


r^oo = E^,p{w) = {\- 
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3. A compactness lemma 

In this section, we stndy the compactness of the Palais-Smale sequence of Ea^p. We 
follow the ideas of [4]. 

Theorem 3.1. Let {«„} be a Palais-Smale sequence of E^^p constrained onAf, that 
is to say, Un & M and 

Ea,p{un) is bounded, E'^p\f/{un) —)■ 0 strongly in 

Then, up to a subsequence, there exist a solution it of (1-6), a number fc G N U {0}, k 
functions u^, ■ ■ ■,u^ of and k sequence of points {yh}, yl, ^ 0 < i < A;, such 

that 

(i) 

bn -|/nl ^ if i^f^ U ^ OO] 

(ii) 

k 

Un - 5 ^<(- -Vn) m 

i=l 

(hi) 

k 

Ea,p{Un) ^ + Ea^piu)', 

i=l 

(iv) M* are nontrivial weak solutions of (2.4)- 
Here, we agree that in the case k = 0 the above holds without Es. 

Proof. Since Ea^piun) is bounded, from the fact that 

we have that {unjn is bounded, too. 

Now, we claim that 

In fact,we have 

u(l) -^o,p|A7(lIn) ■^a,pi.^n') {Un') 

for some A„ G M. Taking the scalar product with Un, we obtain 

u(l) {^Q,pi^n} j ^n) ^n{G (Un) 1 ^n) ■ 

Since G M, {E'^p{un),Un) = 0 and {G'{un),Un) < G < 0. Thus A„ —?■ 0 for n —)■ 
+ 00 . Moreover, by the boundedness of {«„}, G'{un) is bounded and this implies that 
XnG'iun) 0, so we have the assertion. 

On the other hand, since Un is bounded in there exists u G such 

that, up to a subsequence, 

tin 


u in Pf®(R^) and in L^+“(R^), 
Un{x) u{x) a.e. on R^. 
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Thus we easily duce that E'^ p(u) = 0, that is to say, u is a weak solution of (1.6). Indeed, 
for any smooth function h with compact support C 

^ {1 + a{x)){Ia * \un\^)\un\^~'^Unhdx — [ {1 + a{x)){Ia * \u\^)\u\^~'^uhdx 


< 


(1 + a(x))(/Q, * “^Unhdx — {1 + a{x)){Ia * \Un\^)\u\^ ‘^uhdx 

i Jn 

[ (1 + a(a:))(Jo, * — f {1 + a{x)){Ia * \u\^)\u\^~‘^uhdx 


(1 + a(x))(/a * |M„|^)(|n„|^ - |n|^ ‘^u)hdx 


(1 + a{x)){Ia * \UnY — la* a|M|^)|M|^ "^uhdx 


< c 


{la * \Unf){\Un\^ ^Un - \uf \)hdx 


+ C 


{la * {\Un\^ — IwD) \u\^ "^Uhdx 


< C |/„ * 2n \\ur,\^ — |n|^ 2Np \h\ 2 Np 

- ' 'Liv-«(MiV) |i I I l^(p_i)(jv+c.) (Q) 

L^-“ (O) ' ' (]RiV)' 'l"+“ (K^) 

2Np 

L(p-i)(iv+Q) (Q) 


+c'i 4 *(|n„r-|hnL \h\ ^ 


< C\\Un\\P \\Un\^~\n - \u^^ ^Np || h|| + C | |n„ - |h 1^ I ^ 


L7VTS(0) 


Since H 


(3.1) 

2Np 

^(M^) ^ compactly, we have |n„ —hi 2 Np 0. By Lemma 1.20 in 

[241, — |hP“^h| 2 Np —)■ 0 and ||m„|^—I hl^l 2 n ^0. So i?l,„(h) = 0. 

^ "II Il (p-1 )(^+^) (O) 'lw+^(o) ^ 

If —)■ h in we are done. So we can assume that {un} does not converge 

strongly to u in H^{W^). Set 

4 = Un{x) - u{x). 

Obviously, we have 4 ^ 0 i'll H^{M^), but not strongly. Then by direct computation 
we have 

I4n4 = Ikn + h|p = ||4lP + l|fi|P + o(l)- (3.2) 

Now, we claim that 

/ a{x){Ia * \Un\^){x)\Un{x)\P~‘^Un{x)h{x)dx 


a{x){Ia * |n|^)(x)|M(a:)|^ u{x)h{x)dx + o(l), 

(3.3) 


a{x){la*\UnY'){x)\un[x)\^dx — / a{x){la^\uf)[x)\u{x)\^dx + o{\)^ (3.4) 
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{la * \Unf){x)\Unix)f ‘^Un{x)h{x)dx = / {la * \u\^){x)\u{x)f ‘^u{x)h{x)dx 


+ / {Ic.*\Zn\^)i.x)\z^{x)Y z^{x)h{x)dx + o{l). 


(3.5) 


Let us observe that in view of the Sobolev embedding theorems, ^ u in 
implies 


Unu in —i, |.y|P in/, 




2N 


Proof of (3.3). We estimate 

a{x){Ia * \Unf’){x)\Un{x)f‘~'^Un{x)h{x)dx 


a{x){Ia * \uf‘){x)\u{x)\^ ‘^u{x)h{x)dx 


< 


+ 


a{x) {{la * \uJP){x) - {la * |Mr)( 2 ^)) \Un{x)\^ ^Un{x)h{x)dx 

I 

a{x){Ia * |'u|^)(x) {^Un{x)f’~'^Un{x) — \u{x)\^~'^u{x)'j h{x)dx 


Since 


a{x){Ia * |u|^)(x) (|M„(a;)|^ ‘^Un{x) — |u(t)|^ ^u(x)) h{x)dx 

< C* ja/o, * ImI^I 2N “^Un — \u\^ ^u\ 2Np \h\ 


(RJV) 


2Np_ 


' lip-l){N+a) (Sp(0)) L A/+a (RiV) 


+ C \ala * \uF\ 2JV lltinP ^Mr, — ImP I 2 Np 

' ' ' 'L~^{KN\Bp{0)) '' ' "'ll - 


_ \h\ 2Np 

L (p-l)(iV+Q) (IlJiV) L^v+c (RiV) 


< C* la/ry * ImPI 2iV Il’UnP — luP 2JVp 

'l 1 V^(KJV)I' I^(p_i)(jv+c«) (Bp( 0 )) ' 'LTV+H(RiV) 


+ ^101 


LN-Np+23p+a {RN\Bp{0)) 


I ‘^u\ 2Np \h\ 2Np 


h 2Np 
I — 

i(p-l)(V+a) (RJV) ' 'lW+^(RJV) 


< Ce, 

we have the following estimate, 


a{x){Ia * \unf){x)\un{x)f ‘^Un{x)h{x)dx — / a{x){Ia * \uf){x)\u{x)\^ ‘^u{x)h{x)dx 


< 


a{x) {{la * \Un\^){x) - {la * |Mr)(a:)) \Un{x)\P '^Un{x)h{x)dx 


< c\a 
+ C\a\ 


j^N-Np+2sp+a (RJV\5^(o)) 


|m„|^ — ImI^I 2 n 


\u 


IP-1 
n I 2 Np 


\h\. 


+ Ce 


2Np 


Lp(.n-2s) (RJV) LTV+^(RiV) L'^ZfS{R^) 


' N-Np+2Bp+a. (RiV) 

Then we have (3.3). 


\u„F — \u\^\ 2N \unf\h\ 2Np. +Ce<Ce. 


LP{^-2s) (Sp(0)) LW+^(RJV) LiV+a (RiV) 

























GROUND STATE SOLUTIONS FOR NON-AUTONOMOUS FRACTIONAL CHOQUARD EQUATIONSLO 


Proof of (3.4). We estimate 

^ a{x){Ia * \Unf){x)\Un{x)f’dx 


a{x){Ia * \uf’){x)\u{x)f’dx 


< 


+ 


a{x){Ic, * \Un\^){x) {\Un{x)f’ - \u{x)\P) dx 


a{x) {{la * \Un\^){x) - {la * |Mr)(a:)) \u{x)\Pdx 

The first term satisfies 

^ a{x){Ia * \Un\^){x) {\Un{x)\^ - \u{x)\P) dx 


<C\a\ 2 N |m|^ 


' lN-Np+2ap+a (S.N\Bp{0)) 


2N \\Up 

LP(N-2a) 


+ C\a\ 


LN-Np+2ap+a (RiV) ' 


\u„ 1^ — ImI^I 2JV 


'lp{n-2s) (Bp{0)) 


\Ur. 


< Ce. 

The second term satishes 


a{x) {{la * \Un\^){x) - {la * 111 ^( 3 ^))) \u{x)\Pdx 


< C\a\ 2 N \uF nj.T \(In * ~ (In * 2Ar 

- I l^N-Np+2sp+n (KA'\Bp(0))' LT^iRN)'^ a I ni j \ a i 

+ (7101 2N \uf 2N \{Ia * \Un\^) — {la * 

I +jV-]Vp+2sp+a(IRJV)l “ I “I ^ V « I yi +jv-<.(Bp(0)) 


< C\a\ 
+ C\a\ 

< Ce. 


v\P 

^1 2N 


j;^N-Np+2sp+cy (RN\{Bp{0)) 


i( 4 *Kn-( 4 *i«)rL#+ 


LN-ol 


- IP 

uf 2N 


]^N-Np+2ap+a (^Ny + jv-2s 


\Ur, P — ImI^I 2JV 


'LN+n (Bp(0)) 


Thus we have (3.4). 

Proof of {3.5). Indeed, we have 


(/„* \Un\^){x)\Un{x)\P ^Un{x)h{x)dx 


- / {Ia*\Un-u\^){x)\Un{x) -U{x)\^ ^ {Un - u) {x) h{x) dx 

= [ {Ia*{\Un\^ -\Un-u\^)){x)(\Un{x)\^~‘^Un{x)dx 

— / \Un{x) — u{x)\^~‘^{Un — u){x))h{x)dx 


+ / {la* \Unn{x)\Un{x) - u{x)\^ {Un - u){x)h{x)dx 
























GROUND STATE SOLUTIONS FOR NON-AUTONOMOUS FRACTIONAL CHOQUARD EQUATIONSLl 


+ / (la* \Un - u\^){x)\Unix)\^ ‘^Un{x)h{x)dx 
— 2 / {Ia*\Un — u\^){x)\Un{x) — u{x)Y’~‘^{Un — u){x)h{x)dx. 

IN 

From the proof of Lemma 4.3 in [2], we have Ia*{\un\^ —\un — uY‘) —)■ /«* |m|^ in (R^) 

IN 

and \un — u\^ —t 0 weakly in (R-^) as n —)> oo. So we have (3.5). 

Combining the above estimates and Lemma 4.3 in [2], we obtain 


Ea^p{Un^ o / \'^n\ dx j C!,(x))(/q, |'Un,|^) |'Un,|^dx 

^ jRJV /p 7 rJV 

= n / \VUn\^ +\Un\‘^dx - ^ [ a{x){Ia,*\Un\^){x)\Un{x)\Pdx 

^ JRJV JRJV 

- TT / (4 * |Mnr)(a:)|Mn(a;)rda; 

2p JRJV 

= r/ / a(a:)(J« * |h|^)(a:)|h(a:)|^da: 

JRJV ^P JRJV 

-^ [ iIa*\u\P){x)\u{x)fdx- ^ [ iIa*\z^nn{x)\zl,{x)\Pdx + 0{l) 

2p jRiv 2p J]Kiv 

2 ll^nll + 2 ll“ll 2 p 


(1 + a{x)){Ia * \u\^){x)\u{x)\^dx 


-— / {Ia*\zlf){x)\zl{x)\Pdx + o{l) 

2 p Jrn 

= £„,,(«)+ B“ ( 4 )+ 0 ( 1 ), 

and for all h G Fr®(R^), 

0 ( 1 ) = (i?;,,(n„),h) 

= {Un,h)- {1 + a{x)){Ia* \Un\^)ix)\Un{x)\^~‘^Un{x)hdx 

Jrn 

= {Un,h)- a{x){Ia*\Un\^){x)\Un{x)\P~‘^Un{x)h{x)dx 


{la* \Un\^){x)\Un{x)\^ ‘^Un{x)h{x)dx. 


Thus 


0 ( 1 ) = (K,,(n„),h) 

= (h, h) + {zl, h) - 


a{x){Ia * \u\^){x)\u{x)\^ ^u{x)h{x)dx 


{la * \u\^){x)\u{x)\^ ^u{x)h{x)dx 


GROUND STATE SOLUTIONS FOR NON-AUTONOMOUS FRACTIONAL CHOQUARD EQUATIONSL2 


- [ knr)(a;)l 4 (a;)r ^zl{x)hdx + o{l) 

= {u, h) + {zl^, h) — / {1 + a{x)){Ia * \u\^){x)\u{x)\^~‘^u{x)h{x)dx 

- [ + o(l) 

JR^ 

= {E'^^^{u),h) + {E^J{zl),h)+o{l) 

= {E^J{zl),h) + o{l). 


Hence 

Furthermore, 

0 


Setting 


E^J{zl) = oil) in G 

(^a,pK),Mn) = iE'^^piu),u) + (F'^/(4) ) ^n) + "(I) 
{E^Jizl),zl) + oil). 


6 := lim sup 

n—>-+oo 





(3.6) 


we have that 5 > 0. Otherwise, if <5 = 0, then by [22, Lemma 1 . 21 ], —)■ 0 in L^+°‘ (M^). 

2iVp ^ 

This is a contradiction to the fact that Un does not converge strongly to u in L ). 

Then we may assume there exists a sequence of {yh} C such that 



1 

z^\ ^+°‘dx > 5/2. 


Now we consider z\i-+yl/). We assume z^i'+y}/) vd in Therefore, z\i-+yl/) —>■ 

a.e. on Since 


2Np 

l^ni^ + yh)\^dx > V 2 , 


JBiiO) 

from the Rellich theorem it follows that 



2Np 

^+°‘dx > 5/2. 


Thus, v} 7 ^ 0. Since . 2 ^ 0 in hF^’^(R'^), {y}/) must be unbounded, and up to a sub¬ 

sequence, we can assume that \yl/\ —?> -|-oo. Furthermore, (3.6) implies E’^Jiu^) = 0. 
Finally, let us set 

-u^ix-yl). 

Then, we have 

II 2||2 II ||2 II 1||2 II-II2 I /IN 

iHnIl = - ||m II - ||m|| + o(1) 
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and 

[ iIa*\4\^){x)\zl{x)\Pdx 



Un\^){x)\Un{x)\Pdx 


{la * \u\^){x)\u{x)\^dx 



^f){x)\u^{x)fdx + o(l). 


This implies 

and hence we obtain 




= <p( 




u 


+ 


Ea,r>{Un) = i?„,,(h)+E“(4)+i?“(ni)+o(l). 

As before, one can prove that 

E^J{zl) = 0 ( 1 ) in 

Now, if 2 ;^ —)■ 0 in then we are done. Otherwise, ^ 0 and not strongly 

and we repeat the above argument. Then we obtain a sequence of points {yl} C 
such that li/^l —)■ cxo, \yi — yh\ —)■ +CXO if f 7^ j as n —)■ +cx) and a sequence of functions 
zi{x) = — u^~^{x — yi~^) with j >2 such that 

zi{x + yi) - u^{x) in E^J{u^) = 0 

and 

k-l 

+ 0 ( 1 ). 

i=i 

Then, since E^p{u^) > rrioo for all j and Ea,p{un) is bounded, the iteration must stop 
at some finite index k. Thus we have completed the proof of Theorem 3.1. □ 


Lemma 3.2. Let {«„} be a {PS)d sequence. Then {«„} is relatively compact for all 
d G (0,moo)- Moreover, if Ea^p{un) —^ nioo, then either {«„} is relatively compact or the 
statement of Thoerem 3.1 holds with k = 1, and = w, the ground state solution of 

Proof. Let us consider a {PS)d sequence {un} and apply Theorem 3.1. Specially, 
note that E^p{u^) > moo, for all j. 

When Ea,p{un) d < moo, then fc = 0, and then Un ^ u m. When 

Ea,p{un) —^ fnoo, if {un} L uot couipact, then k = 1, and u = 0, = w. □ 


4. Proof of Theorem 1.1 

Proof. To prove the existence of a ground state solution of (1.6), we just need to 
show that 

m < moo- (4.1) 

If this is the case, using Lemma 3.2 and standard arguments, it is easy to see that m 
is achieved by a function u which solves (1.6). Furthermore, u is positive. Indeed, let 
{un} P Af he a. minimizing sequence, Ea^p{un) —)■ m. By Theorem 6.17 of [11], we have 
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|||Mn|||^ < ll'^nll^ = /Riv(l + * \Un\^)\Un\^dx. So tn\Un\ G M for SOHie fo G (0, 1]. 

Thus by (2.3), we have Ea,p{tn\un\) = {\- ^)tl\\\un\\\^ ^ (I “ = Ea,p{un). This 

shows that {tn\unW is also a minimizing sequence and the minimize! u > 0. By minor 
modihcation of Theorem 3.2 in [2], u G Finally, from the maximum principle 

for fractional Laplacian (see [8]), we have u > 0. 

To verify condition (4.1), we consider the projection tw on J\f of the minimizer w of 
E^p on A/"oo- First, let us show that f < 1. Indeed, if f > 1 would be true, then we have 


0 = / (1 + a(a:))(JQ, * |ta|^)|«;|^(ia; 

< t^\\w\\‘^ — f {la * \wf)\w\^dx 

JrN 

= {t^-t^P)\\wf <0, 


a contradiction. So f < 1. 
Then we have 


1 f 

m < Eap{tw) = — — / {1 + a{x)){Ia * \w\^)\wfdx 

2 2p J^N 


< ylkl 


^2p 

2p J 

7-2 f2p 


{la * \w\^)\w\^dx 


Hence, m < moo and the proof is completed. 


□ 
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